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[Concluded from May Number.] 

H. APPLICATION OF THE THEORY TO COMPUTATION. 

The limits of the present article do not permit of thoroughgoing applica- 
tion in the calculation of coefficients of terms of symmetric functions. The writ- 
er has used the present theory and the formula of G,.2, in such calculations, and 
by means of the parallel theory for the resultant, and the equivalent formula of 
A, 4, he has calculated all the coefficients of the normal forms of all resultants up 
to and including the resultant R B< t * By means of these methods the calculation 
is very easy. The advantages of the theory and formulas here developed in the 
calculation of tables of symmetric functions may be stated to be as follows : Not 
only is the symmetry of the table established by the fundamental relations, 
whereby half the coefficients are repeated, but also by the same relations the nu- 
merical equality of certain other coefficients in the same table and of others in 
different tables is immediately established. In addition to this many coefficients 
of a table which are not normal forms are easily reduced to such as are normal 
forms of a lower table and have been previously calculated. Also the coefficients 
of the completely reducible forms, which have the form of the general formula 
obtained for them in F, 2, are the values of ( — 1)'". To this may be added cer- 
tain coefficients whose value is zero by, the fundamental conditions. [We might 

"The results are published in the before-mentioned thesis. 
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also add the general formula, for the normal forms where n=2, which can 
be proved without difficulty, viz : 

,QK ia, 2 aa _ m (X,+l 2 -l)L 
\0»> m 0) I l > JJjj J- 

When all these means of obtaining coefficients have been applied, the ac- 
tual number of normal forms in a table requiring calculation is comparatively, 
very small, and by means of the formula of F, 2, the calculation is easily made, 
giving the coefficient at once as the sum of earlier calculated coefficients. 

NOTE ON ELIMINATION BY MEANS OP SYMMETRIC FUNCTIONS. 

In behalf of the extension of the method given under I, B, the following 
details may be added : 

1. On the Resolution of Aronhold's Operator into Three Operators. 

The term containing (a ) A »(a,) A » (o m ) A " in SR mtn must have come from 

at(.&t>)*°(.&i ) A ' (a m )'"" | tOM A i m km | by the use of biD a , in as many ways as 

there are operators of this kind when i takes all values from i=0, to i=n. b t D ai 
applied to fl*(a )*»(«, )*> ("■m)* km | iOM A i m km | gives 

0*H-l)6i | MM*- . . . .m>» | (a )Mai) Xl • • • ■ (<*»>) M " 

=fo+l)b { | 0*«1 *..... i*^ 1 .... to a» |(a )A.(tt j ) A ... 1 .(o m )A», 
and the coefficient of (a )Ao(«i) x> ■ ■ - •(««)*" in o\ff m ,» is 



2^+1% |iOM *>.,..»»*•» | =0. 

i=0 

Thus Aronhold's operator is resolved into three operators : 

(1). 0, 1, 2, ... .n applied to | 0A»l A r. . . .m Xm j . 

(2). The literal operators 6 , b lt ... b n applied to the preceding. 

(3). The numerical operators * + l, ^i + 1 *»+»• 

Here ^+1 associated with b t '\$ the exponent of i in the associated stroked 
form which results from the first operation. Of course ^ -f/j-f ... ./i m =»i—l, 
and there will be 

m(m+l). . . .{m-\-n — 1) 

— *> 



1.2....(n-l) 

(the number of homogeneous products of m elements ton— 1 dimensions) such 
identical equations of the form 
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-2 Vi+l)bi | *OM A i . . . .m A '» | =0. 

The reader will observe the identity of this equation with the one from 
which the recurrence formula for the normal forms of symmetric functions was 
derived. 

2. On the Number of Functions Requiring Calculation in R m<n , and the 
Sufficiency of Aronhold's Operator. 

It is evident that every symmetric function of the form 

in R m , n , where «,^« 2 ^. . . .^«„>0, can be reduced to the form 

(-1 )»«»(&„)««(&„)»--« 2 (z?,)" 1 -"^ )"«-"■ • • -(/V-i) "»-i""- 

Hence only those functions require calculation which contain in any term 
less than all the n roots ; and of these we know all the fundamental symmetric 
functions, 

Let N denote the number of functions requiring calculation. All the terms 
in R m ,n in which « w> is not a factor, contain functions in which n roots enter, and 
are therefore of the before mentioned reducible form, and are dependent upon 
such forms as do not contain n roots in a term. These latter irreducible (in this 
sense) forms are all found among the terms of R m , n which contain a power of a m , 
and among these are none which contain n roots in a term. We may note that 

the terms of the form (b () ) ffl (a m ) m - r (a m _i) r 2/3,/? 8 ft. from r=0, to r=n— 1, n 

in number are found among them and are known. We have A r +«==the number 
of terms in R m , n containing a m . The whole number of terms or functions, /, in 
the resultant R m , n is 

,_Jm+l)(m+2) (m-trw) 



1.2. ...n 

The number of them not containing a m courld be found by putting a m =0. 
It is the same as the number of terms in Rm—i,n, and is 

m(m-\-l). . . . (m+n— 1) 



1.2. ...n 
Therefore, 

(m-f-l)(r».-f-2) .... (m-f-n) _ m(m-j-l) . . . . (m-j-n—l) _ f m 

n 



iV+«- 1.2.... «. 1.2... n " s=i ~ 
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(m+l)(ro+2) . . . .(m+n-1) 



=e, or 



1.2....(w-l) 

iV+n=/ e=e, a.n& N+n—e— — — f<lf, 

and we see : 

(1). The number of identical linear equations furnished by Aronhold's op- 
erator, and containing the N unknown functions together with n others, is just 
equal to the number N-\-n, and therefore jast sufficient to compute both the unknown 
N as well as also the n other functions, if we regard the latter as unknown. This 
proves the sufficiency of Aronhold's operator for calculating the resultant 
by means of symmetric functions. 

(2). Certainly less than one-half of the whole number of symmetric functions 
which enter into the resultant require calculation. 

If m=n, N+n=hf, 

n=l, N=0, e=l, /=2, 
n=2,' N=l, e=3, /=6, 
n=S, N—7, e=10, /=20, etc., 

which agrees with the fact that we found 7 functions requiring calculation in R 3t ? . 

3. Farther Remarks on Calculating R m ,n- 

(1). Recurrence methods. 

Since the sum of all the terms which do not contain a m is equal 
to b„R m - x ,n, -we have 

i=n 

Rm,n=b„R m ^ lin +2X 2 a i (a ) ; Ha 1 ) A > (am)"'" | iOM A > w A, » | 

4=0 

where the exponent of a m must not be zero, and where ^,,-l-A, + . . . .A m =n— 1. 
The second portion of the right hand expression contains all the unknown func- 
tions while the first term is a previously calculated resultant. By giving m and 
n special values, or requiring them to satisfy certain relations, likem=n+l, etc., 
various recurrence formulas may be obtained and used. 

(2). Direct calculation of R m<n . 

If one does not choose to proceed by recurrence formulas we have shown 
that Aronhold's operator furnishes a sufficient number of equations that are writ- 
ten down by an easy rule, to calculate R m%m directly and independently. From 
Rm,m we can obtain R m<n where n—m—r, at once by the formula 

\ a m r )b m =b m -r— b m _ r+ i=0. 

To this may be added the relation, # m ,n=(— l) m "R n ,m- 
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Eigenschaften der Resultanten, s. 75 ei seq ; also Gordan, Invariantentheorie, 
Erster Band, Leipzig, B. G. Teubner, 1885. §§ 10 u. 11, s. 145 et seq ; also Weber, 
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For proof of the proposition that Aronhold's operator applied to the re- 
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